A relation between the support weight distribution of a Z4-linear code C of type 4 k and that of its dual code C ⊥ is established.
Introduction
Let Z For any nonnegative integers r 1 ; r 2 , such that r 1 6 k 1 ; r 1 + r 2 6 k 1 + k 2 , let A Wei [4] introduced the notion of generalized Hamming weights, i.e.,the support weights, and the weight hierarchies for linear codes over F q and showed that the weight hierarchy of a linear code characterizes its performance on the wire-tap channel of type II. It is possible to extend these concepts to linear codes over Z 4 . Ashikhmin [1] showed that the weight hierarchy of a linear code over Z 4 also characterizes its performance on the wire-tap channel of type II. KlHve [2] gives the relation between the support weight distributions of a linear code over F q and that of its dual code. Simonis [3] suggested a di erent approach for deriving the relation obtained in [2] . In this paper, we use a generalization of approach suggested in [8] for the case of Z 4 -linear codes of type 4
k . First, we establish a relation between the support weight distribution of a Z 4 -linear code of type 4 k and the Hamming weight distribution of the same code considered as a code over Galois ring GR(4 m ). Next, using MacWilliams-type identities between codes over GR(4 m ), we derive a relation between the support weight distribution of the Z 4 -linear code and its dual.
Some lemmas
In the following, we assume that C is a Z 4 -linear code of type 4 k and length n. Let {a 1 ; a 2 ; : : : ; a k } be a free basis of C over Z 4 . Let
then G is a generator matrix of C. For any subcode C 1 ⊆ C of type 4 r1 2 r2 , where 
is a bijection between the set C(r 1 ; r 2 ) and the set F(k − r 1 − r 2 ; r 2 ).
Recall that G is a generator matrix of C. For any x ∈ Z k 4 , let (x), the multiplicity of x, be the number of occurrences of x as a column in G. Then w s (C) = n − (0). For any U ⊆ Z k 4 , let (U ) = x∈U (x). We will give an alternative expression for w s (C 1 ). We need the following deÿnition.
Let A be an abelian group of type 4 r1 2 r2 , then there exist elements p 1 ; p 2 ; : : : ; p r1 of order 4 and elements q 1 ; q 2 ; : : : ; q r2 of order 2 in A such that every element g ∈ A can be expressed uniquely in the form
where a i ∈Z 4 (i = 1; 2; : : : ; r 1 ) and b j ∈ Z 2 (j = 1; 2; : : : ; r 2 ). {p 1 ; p 2 ; : : : ; p r1 ; q 1 ; q 2 ; : : : ; q r2 } is called a basis of A.
Proof. We assume that C 1 is of type 4 r1 2 r2 , where
is a module of type 4 r1 2 r2 . Let {p 1 ; p 2 ; : : : ; p r1 ; q 1 ; q 2 ; : : : ; q r2 } be a basis of D C1 , where the p i 's are of order 4 and the q j 's are of order 2. Let M be the k × (r 1 + r 2 ) matrix whose rows are p 1 ; p 2 ; : : : ; p r1 ; q 1 ; q 2 ; : : : ; q r2 in succession. Since the map given in Lemma 1 is a Z 4 -module isomorphism from Z k is a basis of C 1 . Therefore, MG is a generator matrix of C 1 . So
We make the convention that 
. .
where A; C are matrices over Z 2 and B is a matrix over Z 4 . Let 
Let y r1+1 = y r1+1;1 + 2y r1+1;2 ;
. . .
where y i; j ∈ T for i = r 1 + 1; : : : ; r 1 + r 2 ; j = 1; 2. Then from (2) and (3), we deduce 
From (7), we deduce
where (2) is the principle ideal generated by 2 in GR(4 m ). Let 
Since (10) holds for any u r1+1 ; u r1+2 ; : : : ; u r1+r2 ∈ Z 2 and v r1+r2+1 ; v r1+r2+2 ; : : : ; v k ∈ Z 4 such that not all of them are 0's, we get that 2y r1+1;2 ; : : : ; 2y r1+r2;2 ; y r1+r2+1 ; : : : ; y k generate a Z 4 -module of type 4 k−r1−r2 2 r2 with basis {y r1+r2+1 ; : : : ; y k ; 2y r1+1;2 ; : : : ; 2y r1+r2;2 }. Conversely, suppose that 2y r1+1;2 ; : : : ; 2y r1+r2;2 ; y r1+r2+1 ; : : : ; y k ∈ GR(4 m ) are given such that they generate a Z 4 -module of type 4 k−r1−r2 2 r2 with basis {y r1+r2+1 ; : : : ; y k ; 2y r1+1;2 ; : : : ; 2y r1+r2;2 } and that y r1+r2+1 ; : : : ; y k are of order 4 and 2y r1+1;2 ; : : : ; 2y r1+r2;2 are of order 2. There are uniquely determined y j; 1 ∈ T (j = r 1 + 1; : : : ; r 1 + r 2 ) such that (7) holds. Then m j ∈ T (j = r 1 + 1; : : : ; r 1 + r 2 ) are uniquely determined by (8), and y j; 2 ∈ T (j = r 1 + 1; : : : ; r 1 + r 2 ) are uniquely determined by (11), and ÿnally, y j ∈ GR(4 m ) (j = r 1 + 1; : : : ; r 1 + r 2 ) are uniquely determined by (5), and y i ∈ GR(4 m ) (i = 1; 2; : : : ; r 1 ) are uniquely determined by (6) . Therefore, y 1 ; : : : ; y r1 ; y r1+1 ; : : : ; y r1+r2 are uniquely determined by 2y r1+1;2 ; : : : ; 2y r1+r2;2 ; y r1+r2+1 ; : : : ; y k and y 1 ; y 2 ; : : : ; y k satisfy Eqs. (2) -(4). That is, y = (y 1 ; y 2 ; : : : ; y k ) ∈Û . So |Û | is equal to the number of choices of 2y r1+1;2 ; : : : ; 2y r1+r2;2 ; y r1+r2+1 ; : : : ; y k ∈ GR(4 m ) such that they generate a Z 4 -module of type 4 k−r1−r2 2 r2 with basis {y r1+r2+1 ; : : : ; y k ; 2y r1+1;2 ; : : : ; 2y r1+r2;2 } and that y r1+r2+1 ; : : : ; y k are of order 4 and 2y r1+1;2 ; : : : ; 2y r1+r2;2 are of order 2.
We ÿrst choose y r1+r2+1 ; : : : ; y k . Clearly, (2) = {c ∈ GR(4 m ) | 2c = 0}; |(2)| = 2 m , and y r1+r2+1 cannot be chosen in (2) . So, y r1+r2+1 can be chosen in 4 m − 2 m distinct ways. Assume that y r1+r2+1 ; : : : ; y r1+r2+i (1 6 i 6 k − r 1 − r 2 − 1) have been chosen in GR(4 m ) such that they are Z 4 -free. Let S i+1 = {a 1 y r1+r2+1 + · · · + a i y r1+r2+i + c | a 1 ; : : : ; a i ∈ Z 4 ; c ∈ (2)}:
Clearly, y r1+r2+i+1 cannot be chosen in S i+1 . We assert that for any element y r1+r2+i+1 ∈ GR(4 m )\S i+1 ; y r1+r2+1 ; : : : ; y r1+r2+i ; y r1+r2+i+1 are Z 4 -free. Suppose that there are b 1 ; : : : ; b i+1 ∈ Z 4 such that then 2c = 0, i.e., c ∈ (2). Thus y r1+r2+i+1 ∈ S i+1 , a contradiction. Our assertion is proved. Therefore, y r1+r2+i+1 can be chosen in 4 m − 2 m+i di erent ways. By induction, the number of ways of choosing y r1+r2+1 ; : : : ; y k equals
Assume that y r1+r2+1 ; : : : ; y k have been chosen such that they generate a Z 4 -free module of type 4 k−r1−r2 , we choose 2y r1+1;2 ; : : : ; 2y r1+r2;2 . Let H 1 be the Z 4 -submodule generated by 2y r1+r2+1 ; : : : ; 2y k , then |H 1 | = 2 k−r1−r2 . Clearly, 2y r1+1;2 can be chosen as any element in (2) \ H 1 . Thus, there are 2 m − 2 k−r1−r2 di erent choices for 2y r1+1;2 . Assume that 2y r1+1;2 ; : : : ; 2y r1+j;2 (1 6 j 6 r 2 − 1) have been chosen such that 2y r1+1;2 ; : : : ; 2y r1+j;2 ; y r1+r2+1 ; : : : ; y k generate a Z 4 -module of type 4 k−r1−r2 2 j with the basis {y r1+r2+1 ; : : : ; y k ; 2y r1+1;2 ; : : : ; 2y r1+j;2 }. Let H j be the Z 4 -module generated by 2y r1+r2+1 ; : : : ; 2y k ; 2y r1+1;2 ; : : : ; 2y r1+j;2 , then |H j | = 2 k−r1−r2+j . Clearly, 2y r1+j+1;2 can be chosen as any element in (2) \ H j . Thus, there are 2 m − 2 k−r1−r2+j di erent choices for 2y r1+j+1;2 . By induction, the number of ways for choosing 2y r1+1;2 ; : : : ; 2y r1+r2;2 equals
Therefore, we have
k−r1−r2;r2 :
Proof. From the deÿnition ofÛ , we know that if U 1 = U 2 , thenÛ 1 ∩Û 2 = ∅. On the other hand, for any (y 1 ; y 2 ; : : : ; y k ) ∈ GR(4 m ) k , let U = {(x 1 ; x 2 ; : : : ; x k ) ∈ Z k 4 | (x 1 ; x 2 ; : : : ; x k )(y 1 ; y 2 ; : : : ; y k ) = 0}: Clearly, U is a submodule of Z k 4 and (y 1 ; y 2 ; : : : ; y k ) ∈Û . Therefore, {Û | U is a sub-
Lemma 7. If a 1 ; a 2 ; : : : ; a k ∈ Z n 4 are Z 4 -free, then a 1 ; a 2 ; : : : ; a k are free over GR(4 m ).
Proof. If a 1 ; : : : ; a k are not free over GR(4 m ), then there exist y 1 ; : : : ; y k ∈ GR(4 m ), not all of which are 0's, such that
For i = 1; 2; : : : ; k, we can write y i as follows: 
where y i; j ∈ Z 4 for j = 1; 2; : : : ; m and is an element of order 2 m−1 in GR(4 m ). Let a i = (a i; 1 ; a i; 2 ; : : : ; a i; n ); i= 1; 2; : : : ; k;
where a i; 1 ; a i; 2 ; : : : ; a i; n ∈ Z 4 . Substituting (13) and (14) into (12) which contradicts that a 1 ; a 2 ; : : : ; a k are Z 4 -free. Therefore, a 1 ; a 2 ; : : : ; a k are free over GR(4 m ).
Relations between the support weight distributions of a code and its dual
Recall that C is a Z 4 -linear code of type 4 k and length n, {a 1 ; : : : ; a k } is the free basis of C and G is the generator matrix of C. Denote by C (m) the linear code over GR(4 m ) with generator matrix G.
Proposition 8. The Hamming weight enumerator of C
Proof. By Lemma 7, we know that for any y 1 ; y 2 ∈ GR(4 m ) k such that y 1 = y 2 ;
. From Lemma 6, we get
Recall that (x) is the number of occurrence of x as a column in G and that (U ) = x∈U (x). For y ∈Û , we have
Therefore,
r1;r2 z n− (U ) :
r1;r2 A (r1;r2) (z).
Proof. By Proposition 8,
From Lemmas 3 and 4, we have
Thus,
There are two cases:
1. m 6 k. When r 1 ¿ m, we have K . We know that C ⊥ is generated by the parity check matrix of C. It can be easily proved that (C (m) ) ⊥ is also generated by the parity check matrix of C. Let W m (z) be the Hamming weight enumerator of (C (m) ) ⊥ and B (r1;r2) (z) be the (r 1 ; r 2 )th support weight distribution function of C ⊥ . From the discussion above, we have Remark. Theorem 10 can be generalized directly to linear codes of type (p e ) k over Z p e , where p is a prime number and e is a positive integer. For a Z 4 -linear code of type 4 k1 2 k2 , its subcodes are so complicated that Lemma 5 does not hold, and hence, we cannot get the similar relation.
